We have applied the new approach of homotopic perturbation method (NHPM) for wave-and heat-like equation featuring time-fractional derivative. A combination of NHPM and multiple fractional power series form has been used the first time to present analytical solution. In order to illustrate the simplicity and ability of the suggested approach, some specific and clear examples have been given. All computations were done using Mathematica.
Introduction
In this research work, it has been proposed that the new HPM based on the multiple fractional power series can be employed to solve the wave-and heat-like equation featuring time-fractional derivative of the following form: D µ t v(x, y, z, t) = P (x, y, z)v xx + Q(x, y, z)v yy + L(x, y, z)v zz + M (x, y, z) , 0 < x < a , 0 < y < b , 0 < z < c , 0 < µ ≤ 2 , t > 0 ,
where v(0, y, z, t) = f 1 (y, z, t) , v x (0, y, z, t) = f 2 (y, z, t) , v(0, y, z, t) = g 1 (y, z, t) , v x (0, y, z, t) = g 2 (y, z, t) , v(0, y, z, t) = h 1 (y, z, t) , v x (0, y, z, t) = h 2 (y, z, t)
are boundary statues with under primary statues v(x, y, z, 0) = ϕ(x, y, z) , v t (x, y, z, 0) = ψ(x, y, z)
in which µ is the order of fractional derivative. The function v(x, y, z, t) describes temperature as a function of time and space, while v xx , v yy and v zz are the second spatial derivatives (thermal conditions) of temperature as a function within x, y, and z. In which P (x, y, z), Q(x, y, z), L(x, y, z) and M (x, y, z) are any functions within x, y and z.
In the case when -0 < µ ≤ 1, equation (1.1) refers to the fractional heat-like equation featuring variable coefficients, -1 < µ ≤ 2, equation (1.1) refers to the fractional wave-like equation which patterns anomalous diffusive and sub-diffusive systems, alliance of diffusion and wave propagation phenomena, description of fractional random walk [1, 2] .
There are some more books related to fractional calculus for interested readers [3] [4] [5] . It should be noted that there are no accurate analytical solutions for most fractional differential equations. Consequently, for such equations, we have to employ some direct and iterative methods. Researchers have used various methods to solve differential equations featuring fractional derivative (FDEs) and partial differential equations featuring fractional derivative (FPDEs) in recent years. Some familiar methods are as follows: decomposition and Adomian's decomposition method [6, 7] , variational iteration method [8, 9] , homotopic perturbation method [10, 11] , homotopic analysis method [12, 13] and so on [2, [14] [15] [16] [17] [18] [19] . The arrangement of this work is as follows: we have presented some basic idea of the optimum q-homotopic analysis method in Section 2. In Section 3, the convergence of the suggested method is explained. Following that, in Section 4, the application of NHPM to the wave-and heat-like equation featuring time-fractional derivative is illustrated, and some numerical examples are presented. Finally, in Section 5, some conclusions regarding the proposed method are drawn.
Description of the new approach
To describe the NHPM for nonlinear time fractional PDE, we use
along with 2) in which ζ = (ζ 1 , ..., ζ n ), n−1 < µ ≤ n, N are linear and nonlinear operators, ζ and τ signify the independent variables, v(ζ, τ ) is a indeterminate function, D µ denotes the Caputo fractional and h(ζ, τ ) is inhomogeneous term.
To get the solution of (2.1), by using this approach, we create the below homotopic:
Now, by operating
5) where
Let us present the solution of Eq. (2.5) as
where V j (ζ, τ ), j = 0, 1, 2, 3, . . . , are functions which should be specified.
is named fractional power series PS around τ = τ 0 .
Definition 2.2.
A power series expansion of the form of
is named multiple fractional power series PS around τ = τ 0 .
Assume that the primary estimate of the solution of (2.1) can be represented as
where c j (ζ), j = 0, 1, 2, 3, . . . , are indeterminate coefficients, and q j (τ ), j = 0, 1, 2, 3, . . . are specific functions. It is worth mentioning that if h(ζ, τ ), and v 0 (ζ, τ ) are analytic about τ = 0, their next Taylor series can be written as
Now, with (2.5) featuring (2.7) and (2.8), and equating the coefficients of p, featuring the same power, we get
By solving these equations so that
Accordingly, we will obtain the accurate solution
Convergence analysis
A large number of problems can be treated by NHPM through applying the methodology that has been elaborated in previous sections. Lemma 3.1. Suppose H n s are He's polynomials [20] . Then, for the nonlinear term N , the following relation is satisfied:
Lemma 3.2. From Lemma 3.1, relation (2.10) is equivalent to the following formula:
Theorem 3.3. NHPM that was used in the solution of (2.10) is equivalent to the sequence that comes next
by using the iterative formula
where V 0 = I µ v 0 , and
Proof. For n = 0 from (3.1), we have
Then,
For n = 1,
According to
This theorem will be proved by a convincing induction. Let us assume that
Theorem 3.4. Suppose that B is a Banach space.
Proof. (i) The result will be
For any n, m ∈ N, n ≥ m, we derive
Therefore, lim n,m→∞ z n − z m = 0. Then, z n is a Cauchy sequence in the Banach space and so, it is convergence, i.e. ∃ z ∈ B subject to
(ii) From (3.1), yields to
Thus,
Hence, , r) ) .
Test examples
Now, we apply NHPM based on the multiple fractional power series to solve heat-and wave-like equation featuring time fractional derivative. All computations were done using Mathematica. In this section, the following symbols will be defined:
Test example 4.1. We purpose the 2D fractional heat-like equation [8] :
for V 1 (x, t), one will obtain as follows:
By vanishing of V 1 (x, t), the coefficients c n (x, y), n = 1, 2, 3, . . ., lead to the following result:
This implies that
We can see the estimate solutions featuring µ = 1 and y = 1 in figure 1 . The estimate solutions featuring µ = 1 acquired for several amounts of x, y and t applying NHPM can be seen in Table I . Test example 4.2. We purpose the 2D fractional heat-like equation [8] : c n (x, y)t nµ , V (x, y, 0) = g(x, y). Solving Eqs. (4.5)-(4.6) for V 1 (x, y, t) leads to the following result:
By vanishing of V 1 (x, t), the coefficients c n (x, y), n = 1, 2, 3, . . ., will be obtained as follows:
This implies that
v(x, y, t) = V 0 (x, y, t)
In figure 2 , we can see analytical solutions featuring µ = 1 and y = 1 what is concluded for various amounts of x, y and t utilizing NHPM. The analytical solutions featuring µ = 1 acquired for various amounts of x, y and t applying NHPM are shown in Table II . 
With considering V 1 (x, y, t), we obtain
Considering the hypothesis V 1 (x, y, t) = 0, coefficients c n (x, y), n = 1, 2, 3, . . . will be determined as follows:
Therefore, the solution of (4.9) is obtained
In figure 3 , we can see the precise solutions featuring y = 1 and µ = 2. In Table III , we may view the analytical solutions featuring µ = 2, which is derived for several amounts of x, y and t utilizing NHPM. Test example 4.4. In this example, we choose the 3D heat-like equation featuring fractional derivative 12) subject to
c n (x, y, z)t nµ , V (x, y, z, 0) = g(x, y, z). Considering V 1 (x, y, z, t), the equation gives
Therefore, we obtain analytical solution of Eq. (4.12)
We can see the precise solutions featuring µ = 1, y = 1 and z = 1, in figure 4. The analytical solutions featuring µ = 1 acquired for several amounts of x, y, z and t applying NHPM can be seen in Table IV . Test example 4.5. We choose the 3D heat-like equation featuring fractional derivative 16) subject to
c n (x, y, z)t nµ , V (x, y, z, 0) = g(x, y, z). Solving Eq. (4.16) for V 1 (x, y, z, t), one obtains the following result:
By vanishing of V 1 (x, y, z, t), the coefficients c n (x, y, z), n = 1, 2, 3, · · · will be obtained as follows:
Therefore, we obtain the analytical solution of Eq. (4.16)
We can see the precise solutions featuring µ = 1 , y = 1 and z = 1, in figure 5 . The analytical solutions featuring µ = 1 acquired for several amounts of x, y, z and t utilizing NHPM can be seen in Table V . Test example 4.6. We choose the 3D fractional wave-like equation 
Conclusion
In this work, NHPM has been successfully employed to obtain a solution of the time-fractional wave-and heat-like equations. This manner appeared obviously a very effectual and potent technique in acquiring the solutions of the offered equations. The result illustrates that a few iteration of NHPM may outcome a good solution. Finally, this approach can be utilized to solve other similar nonlinear problems in PDEs featuring fractional derivative.
